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. An ·a~log· system is. descr:i.bed for. automtically plotting of the 
trajectories of free electrons in a bi~imensional 'electrostatic field 
. ~ . 
using the conductive sheet model. A three-wheeled cart, which simulates 
the· electron, contains two contacting probes to obtain and provide 
information from the conductive paper for· continuous correction of the 
radius of curvature at each point of the path. 
. 
The design section shows the relation between various system 
com_ponents and explains the reasons for choosing between several 
possible options. Physically realizable circuits used in this 
investigation are described in detail. An evaluation of measured data 
is given as a conclusion. 
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1).INTROIDCTION 
This thesis describes a demonstration apparatus de,veloped to plot 
automatically trajectories of charged p~rticles in a two dimensional 
electrostatic field. A model of the field is simulated on a conductive 
sheet. The basic principle of _the system is to" plot the trajectory by 
adjusting the radius of curvature at each point of the path to the_value 
2 U/En , where U is proportional to the total.ldnetic energy- (local 
potential) of the particle. En , the normal component of the electric 
field is proportional to the force acting ·norm~l to the path. 
The tracer is a three-wheeled cart carrying two probes in contact 
with the conductive sheet; the intercepted potentials are used to 
determine the instantaneous radius of curvature which is adjusted by a 
servo system which adjusts the steering angle of the cart. 
(1) J. p. Janowski has ·already presented an approach to the same 
system. In the present paper, the problem is solved differently to 
avoid some of the difficulties en·coun tered by the above mentioned 
author. An evaluation of the obtained results is given as a conclusion. 
Many related types of apparatus have been developed and are 
reported in various articles (2-7). The equipment described here 
uses the same basic ideas as Langmuir. <2) (3) 
;. 
,,. 
~·· 
..._ 
• I 
'·:'.·. ..'·" 
'•, > ' 
. . 
' 
.,, 
I 
I 
··1 
I 
. ' 
, I 
: i 
I 
, I 
, I 
•, I 
I. 
I 
~· ~ 
\<' 
,I 
''. 
f: . 
' , .. 
,. . • ,1 
~ -,.:, 
:..i_ 
. ,,.,..·". 
.. 
-
C 5 ail 44c • nnt• < ·· u~,~~~'t~~--;i;::t=1.'..'','.":',_·,_.'..r:'-"'.;,.; .. -,·' -- ·- •,;· -~"' ;~:'\.,,:.,{·.-.-.c-,,,-_-.--.~~--..o.~~-.:.~.·::,~. 
,· • I 
I ' 
.. 
.. 
• I' 
' '. -. ·. ~-· --~-,-• 
' .. 
--- 2) THmRY 
·-·-
2 .1) General Outline: 
The _motion of a charged particle in a two dimensional electric 
·--field is mathema.tically represented by the following set· .. of equations: 
2 2 
m d y/dt = q:Ey 
which are the expression of the dynamic fund.a.mental equation: 
nass x acceleration= Force 
mis the mass of the particle 
q is the charge of the particle 
tis the time variable 
x, y are the two dimensional reference axes 
(l) 
Ex• Ey, are the components of the electric field in direction x and 
Y• -
.. 
' 
To solve the statem given above, it is necessary to lm.ow the ele.ctric 
-field components; that is to say, to solve Laplace equation in two 
dimensions :.~ 
U is the potential. 
An analytic solution to equations (1) and (2) _ can fnly b!!! obtained for 
simple electrode configuration. us·ing an analog model we may directly 
rj • - -, ··=-·· 
obt~in a plot of the trajectory of the particle. 
To simulate the field \·re use the conductive sheet analog in which 
,....,, ........... 
the distribution of electric potential is the same as in dielectric·-
when the boundaries are the same in both case's. For uniform media, the 
i 
/· ' . . 
.. ' 
( 
,v-.... 
. ' 
·····t . .... .:,.. 
r· . 
' , 
.... ~ 1 
' 4.· . .. 
. " .. 
.... 
·, 
form of the relation of flux d.\lns1:ty to the fi-eld intensit7 in a 
t 
(.: -
' . . 
- ·----!":,--· .... 
·-. 
dielectric system is the same as the relation of ·the current density to 
. ·•· . 
.the field intensity in a conducting medium:· 
D = €
 E 
J = b Ft 
A,., .. 
""R :By setting E = - grad U in the above equations and ta~ing the 
divergence of each, we see that Laplace's equation {div U = 0) is 
satisfied by the potential in each case if it is assumed that there is 
no current sources in the conductor. If the same set of boft.ndaries are 
used in both cases, the solutions are identical in accord.a.nee with the 
uniqueness theorem. 
It is to be noticed that every boundary value problem in electro-
statics has a dual i~volving steady current fiow·but not vice-versa 
because, while it is possible to achieve a region for which (; = O 
(insulator), it is not possible· to achieve region for which£= o. 
:2. 2) Radius of Curvature of the Pa th 
- -
Given any two dimensional electrostatic fields with. a perpendicular 
uniform and constant magnetic field, two forces act perpendicularly to 
the path of the partic.le. One due to the potential gradient En normal 
to the path and the other due to the magnetic field B. Using the 
,........ 
principle of dynamics we can say that the sum of these forces must be. 
equal to the product of the mass by the centripetal acceleration. 
m • v2/R = q~ + Bqv C4r. 
v, the velocity of a particle as a function of potential is given by 
J ' 
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So the radius of curvature R is equal to: 
(6) 
.The sign ·ot. the denominator, depending on the polarity of En,, detel'Jllines 
if the motion is clockwise or counter clockwise. The tracer is 
constructed according to this theory. 
U is the potential with respect to the cathode and will be called 
local potential • 
In our case we do not con~ider the possibility of including a 
magnetic field so B = 0 and~our equation (6) becomes: 
·,. -d 
·-· 
.. , 
... 
(7) 
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A three wheeled cart traveling on the resistive paper model seems 
to be the simplest mechanical solution. Figure 1 shows the basic 
r 
. •',. 
configuration of the wheels. To avoid difficulties in the case where the 
front wheel a.xis would be perpendicular to the axis of the two back 
wheels, the front wheel must provide the traction. 
P'' 
2' p 
> 
. . -· -- - - ~------ - I 
\ I 
·,\ 
-,i ., ... 
·-.\I\/ 
FIGURE l 
:Basic ·Wheel Confi·gu.ration 
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- ' . x, x 1. is · the longitudinal axis of the cart. the angle ct betwee:n the 
front wheel ·and the x axis is the steering angle, the distance between 
the back wheels is· .t, the d-istance between front and back wheels axes 
is ·L. P and pr represent the two probes which are at a distanc·t % from 
the center of the baclc wheel axis A. This point A represents the locus 
of- the electron and turns around the center of curvature B. T'nerefore 
A:B is the radius of curvature. 
3.1.1) Steering Mechanism 
' . 
The probes measure U, the .local potential and Un which is proportional 
to En 
(8) 
The ratio U/un is obtained by balancing U against Un on a "tangent 
bridge" \srhich shall be explained next. 
If the front wheel makes an angle m with the axis of the cart 
--
(steering angle)~ the radius of curvature of a will be given by: 
- ~ (9), R = .A:B = L cotg. a, 
c·_ 
To make the radius of curvature of the cart motion equal to the 
· radius of curvature of the electron path, tan ci. must be proportional 
• 
.,, 
_ to unJu. 
Equating (9) and (7) leads to the following steering f ornmla: 
L Un 
'tiana.=-·· 2D u {10) 
· Such a functional relationship iB generated by the po·tentiometer 
shown in Figure 2. 
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Figure 2 
Tangent_ :Bridge 
.. 
3 
-a.u 
.. : 
' ... 
, . 
. . 
..... 
The bridge is made of two straight resistors (resistance r 
per unit length), fixed to the cart with each arm making an angle '3 -
·- , J! 
·-~-
,.. ·,. 
with the axis of the cart and a sliding contact attached to the front 
wheel. Voltages bVn, av and - av are applied to the bridge at the point 
2, 1 · and 3 respectively and a and bare constants. 
,, 
.. 
·• . 
... 
At the bridge point where U and Un are exactly balanced a-zero exists. 
Passing through the zero point results in a reversal of the pol/arity 
With A.C operation there will b~ a phase reversal. Which arm of the_ 
r 
· ..... 
"· 
---
.... .;; . 
I, 
' ', 
i I 
; I 
·. 
r .,,_,· 
' . 
~·~ 'i[ ' 
. ,.,· .-··:·' ,(,., .. ,( ' 
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r ~ ' , 
. r..-.: . -
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., 
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"'- .. 
• bridge the balance point is on dep·ende 1',~on th·e po~ari ty or phase·· of 
. 
Vn with respect to u. If Vn is a h~dred and eighty degrees out of phase 
with V, the balance noint must be on the arm tihere +av is applied and, 
' -
,·, .. 
if V n and· V are in phase,· the balance po-int must be. on the arm where 
~Vis applied. The distance from the br~dge center point·z depends on 
the relative magnitude of V and Vn· 
If i is the current flowing, the balanced state of the bridge is 
· described by the following equations: 
x/y = aV,/bVn = tan ~/tan er.. (11) 
One can see from these relations that tan a. is proportional to 
Un.Ju which is also the condition for the proper steering angle. 
Combining equations (10) and (11) we obtain relation (12) 
L a tan J3 = -• -
2d b •,.,: 
(12) 
Therefore the gains (a,b) will have to depend on the geometry of the 
I 
cart •. Consideration of the above will be given in the design part. 
At this point one can see that ~he system should be composed of 
the cart with its two probes, a local potential circuitry to generate 
av and -av, and a potential gradient circuitry with an output :l,Wn to 
bias the tangent bridge which gives us a null point for the proper 
steering angle$ Furthermore the bridge has to be automati~lly adjusted 
by a servo syste~. 
3.1.2) Steering Servo System 
.... 
Any misadjustment will develop a voltage at the sliding,contact 
characterized by its sign (P.,.C) or its phase (A-0) and its amplitude 
, ... function of the distance from the null, point. Our problem is now to 
.. 
.!'-·. 
.. ,-,, 
.. ' ,~,-. 
) 
. . . 
10. ; . 
.~·. 
~· ~ -
.·use this error, voltage to adjust the steering angle. If the system · 
operates on an alternating current, probie,ms in building circuits with 
D-C coupling can be eliminated; 1.too Hz is a conmonly used fre.qu~ncy 
for such purposes. 
.,. 
A small ·n-c motor is used to adjust the steering angle. The required 
circuitry for the control system is then the bridge ~i.th its .. sliding 
contact, an amplifier, a phase comparator and a D-C amplifier to drive 
' 
the motor. We can now draw a block diagram of the circuits involved in 
/ 
our system (Figure J) and sho,v their functions in the control system 
(Figure 4). This is a fairly simple follow up system with unit feed-
back. 
We shall now determine in detail the characteristics of the elements 
needed, starting out from our basic options and the available parts 
and pieces of equipment. 
J.2) System Design 
This paragraph follows the logical order used to determine the 
characteristics of the subunits of the sys.tam. 
3.2.1) Field Simulation - Reference Voltage 
It is decided that the system will operate on alternating curre.nt 
/ 
so that -pro bl ems in building circuits with D-C coupling can be 
eliminated; 4oo Hz, a commonly used frequency for such a purpose, is 
·--
chos~n. This voltage will be provided by an audio oscillator and a 
2S watt ·Heathkit audio amplifier, both available in the laboratory. 
· The field is sinn+].ated by the use of a conduc,tiye paper,~. the. type 
available has the following characteristics: sq~re .. resistance 4k 
.. 4' 
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, a~d power dissipation in the order of 2 watts per meter square. for 
·further· es tima tions,1 we assume the sinru.la ted field to extend across 
'2 . . . l m , and to be created by use of two pa.rallelelectrodes. We decide 
to- have a maximum applied voltage of 8 volts r.m.s. (22.6 volts peak 
to ·peak); this choice is not due to power limitation within the paper, 
( in this supposed case the power dissipated in the paper .. is 16 m. watts) 
but represents a sensible upper limit of a signal to be processed by 
ordinary transistor amplifiers. 
3.2.2) Tangent Bridge . r 
,,, 
Let us first determine the tangent bridge geometry. 
Combining bridge and steering equations we obtained relation (12): 
t L- a an~=-·-
2d b 
.. ,/l• 
'. 
' Since Lis the distance between front and back wheel axes, it seems 
logical to consider it greater than 10 times d, distance between the two 
probes. In such a case if we choose a = b = 1, tan ~ would be large and 
S would go toward 90° and we would need a very large sliding contact 
' which is impractical. If b is very larg_e or very small or both, ~ could 
be made very small (.since a and b are voltage gains there is a limitation) • 
We decide to have a= 1. b = fa:, so tan S = 1, ~ = 45°. The two arms 
0 of the bridge will be separated by an angle of 90 and the length of 
the sliding arm will not be excessive. The greater the length of each 
·arm, the better the resolution. We want a cart of reasonable size, the 
interaxes distance should be in the order of 8 to 10 cm, to have it in 
proportion, the width has a maximum value of 8 om. This ,gives us an 
arm length of 5.5 cm~ A wire resistor (from a dismantled Helipot) of 
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1. 5 mm in -diameter having a resistance of r = 125 A / cm anti a 
maximum power dissipation of half a watt is available. Using it, the 
,, 
measured resistance of one arm of the bridge is '700 n... Since the 
maximum local potential is 8 v. rms arid the gain of the local 
potential circuitry a is 1, the maxinrom power delivered to one arm-
2 
is P = T = 9:2 mw which is well below the limit. 
3.2.3) Major Signa,l Processing Circuit 
,. 
The considered circuitry is shown in Figure 5. It is composed of· 
· two parts, the local potential circuitry and the potential gradient 
\ circuitry. We are going to consider each one of them in detail. 
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Tangent Bridge Circuit Block Diagram .. 
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The local potential circuitry is composed·of two·elements, an 
impedance transformer. and a phase "inverter. 
Impedance transformer- --~- ' 
The maxinrom value of local potential was· chosen ·at 8 v rms, thi·e 
. \ is the maximum input voltage to the ~mpedance· transformer. The complete\\ 
gain of. the local potential circuitry, a, was decided to be one so the ~ 
maximum 9utput voltage of the impedance transform~r should ideally be ·r 
equal to 8 v rms. No signal below 8 nm has-~ to be detected since it 
corresponds to a distance of only l mm from the gJDUll:i electrode. This 
t 
distance comes already close to the diameter of the probe. _Therefore the 
dynamic range is only 6o db. 
The phase requirements are essential for proper functioning of the 
bridge; we must have identical phases for the local potential and 
potential gradient circuitry; ideally the phase delay should be zero o~· 
180 degrees for this impedance transformer. 
To determine the input impedance we have to estimate the maximum 
-impedance seen between one of the probes and the reference signal generater. 
Measurements were made on our field model, and it was found that the 
results depended greatly on the contact pressure. Over all,reshold, 
. ~ additional pressure had no influence·; under this condition we recorded 
a value of 20 l{/l. Ideally the probes shouldn't draw any current and 
the input impedance should be infinite. Practically we ad.mi t that th~ 
impedance seen betv1een -·:hhe probe and ground should be modified by less 
than J.% .. This is satisfied for a 2.5 M .n input impedance • 
. The output impedance should be much lower and match the input of 
the phase inverter .. 
;_. 
\· 
\ 
. . . 1 
: • ' ,. _. :.r;;_~·- • -. :.. -~ ··. -~· • 
,, 
11 
I [ 
I\ 
[ 
II 
II 
r 
"' 
\,' ., 
L • 
'• 
·-··----------- ----· --
.· I 
. -
·~-· ..... 
. . . .. 
,;' .., . ... ·., -
· i6. .... .. . ... 
-.. ~ ' . l, ' -
,. 
. , .. ·, :---~ ·,· •-· . --- ·- . ..-. ' .. ~ .. - ... , " ~ ---• ·.--[ . . • 
. . . 
. •·JJ,, 
. . 
Phase inverter-
. 
. The maximum input volt/age should be 8 v rms. · For proper operatio~. 
of the bridge we need two -output voltages in anti phase. The overall · \ 
- ·---- -~----,.~,..,~---------=---~ 
ga,in of the local potential· circuitry is one I so· -it will have a maximum ~ 
amplitude of 8 v rms. 
-
The linear dynamic range should extend from 8 mv to 8 v·rms as 
for the i.mpedance trans£ ormer ( 6odb). The gain should be stable and 
.equal for both channels, lo,i distortion of s·ignal is necessary for 
sharp null point when balanced against bUn· The band width does not 
have to be wide since the local potential varies slowly relatively to 
4oo H•· 
The phase requirement is that both channels be exactly in anti-
phase, and that the phase shift for one channel of the local potential 
circuitry equal the -one for the potential gradient .• 
The input impedance should match the output impedance of the 
impedance transf-ormer. The output current will strongly depend on Vn 
V-V 
~- = n 
R 
where R is the resistance of one arm of the bridge. Therefore the 
output voltage should be independe.nt of current. A finite internal 
resistance Ri will be ~nvolved in the following manner: 
V - V 
V ~ Vi - Ri I = Vi - _R __ n Ri 
electromotive force of the source. :But 
R.·. 
Vi+ J. V 
V = R n 
1 + Ri 
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_ If an··'erro~ of ~ in V is permitted if Vn changes from -v to +V 
. 
the resu1ting internal resistance is: 
•. . 
vi . R = - . R 
i 200 V 
which corresponds to a value of 3.5 .n . 
. . 
be of 3.5. A. 
b) Potential Gradient Circuitry 
The potential gradient circuitry is composed of a differential 
input plus an amplifier as shown on Figure 5. 
Differential Stage-
. . 
-----~---.-e---
We decided to'admit a variation of potential gradient from zero to 
l°" of maximum potential. This seems reasonable since using a linear 
field model it leads to a distance between field electrodes ten times 
gyeater than the contacting probes distance. 
According to-the theory, the distance between the probes should be 
as small as possible. A limit is given by the granularity of the paper; 
we decided to work initially with a distanced= .5 cm. In this case, 
.... 
the maximum input· voltage is .av; the maxinrum output will be b = L/2d x.8 v. 
This gain should be easily adjustable to allow variations of .the sensing "" 
--·-----· 
-------------------,~~~---.--·--probe distanced. (b should be able to vary approximately .. _from 2 to 20.) r 
l 
't.1111,t:.•' r· It seems pessimistic to assume an input noise level of 15f v, this 
leads to a dynamic range of about f:/J db. 
The phase requirement is to have an---1d~ntical phase for the local 
potential and the potential gradient circuitry, so the phase shift 
obtained for the differential stage should add to the one of the amplifi~r 
to equal the local p~tential phase shift. 
Measurements of the impedance seen,between both sensing pr~bes 
-
• 
:•. 
,. 
... 
Ill 
I 
D 
I 
~ 
. ... ],. 
._, ... 
/, ', 
' ' 
·., 
' . 
, 
F 1 1 I JI J . . 1 M 11 . . • ., . a .. J t 'r I ., . 
..... 
.. :.,.... . 
... 
. ...... . ' ... 
r 
,I'. • 
. ·' 
.. ~' ' 
., separated_by .a dist~ce d.= .; cm, using proper contact pressure, gave 
' . I ' 
' 
_2 • .5 kA• Ideally the probes shouldn't draw any current. Practically, the 
., 
paper resistance seen between the pro~es should be modified by less than 
" ~. This condition is satisfied by a differential stage input impedance 
·of_ 250 k.n. The output impedance should match the amplifier input impedance _ (fei,, hundreds ohms to few kJ't are typical values). 
Amplifier-
. -~ The maximum input of the amplifier should be • 8 v; the maximum 
output should be of the same magnitude as the maximum local potential, 
8 -v r ms (as seen before). 
The line~r dynamic range should cover about 60 db. The gain should 
... , ... , .. _ .. __ .. be adjustable so that the global voltage gain of the potential gradient V 
circuitry be b = ~ (5 to 20) • Bandwi th limited ar01llld Li-Oo cycles/» 
since ti Un varies slowly compared to LK>o Hz. -
I 
I The phase shift should be such that the potential gradient circuitry 
matches the phase shift of the local potential circuitry. (The tangent 
bridge has no null point if phases ~re incorrect.) 
· The illput impedance should match the output impedance of the 
differential stage. Output impedance should 1·deally be zero and practically 
be as small as possible for the same reason as the output of local 
potential circuitry (3.5n_ ). 
'. Common Mode Rejection Ratio: 
The differential stage plus the amplifier.form a differential 
amplifier circuit. Such a circuit is characterized by a figure of 
merit called the.common mode rejection ratio. Assuming, as always, that 
the operation is linear, we are going to discuss the required common mode 
rejection._ A block diagram of the circuit is sh9wn in Figure 6. 
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Figure 6 
Differential Amplifier Block Diagram 
The output can be expressed as a linear combination of the two input,-~ 
~---. 
voltages 
.. "" ' .. 
where A1 and A2 are the voltages amplification respectively of voltage ·,_.:c-,: ... 
-~. 
·· 1 and 2 bet\"1een input and output. If we call V c the true local potential 
and vd the potential gradient we can express v1 and v2 as: 
which leads to 
,, 
I 
Whe:re ~ = f {A1 .. Ai) and A0 = Ai + Ai 
'-
' 
For e:r:ample, we can measure Ai directly by setting v1 = -v2 = .5 v. so 
that vd = 1 v. and v0 =· Q. Under these conditions, the measured output 
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__ y-oltage v0 gives the gain ~d· Simila~ly if we set .v 1 = v2 = .1 v then 
.... v d = 0 , v c = 1 and VO = Ac • The figure of merit, the common mode 
rejection ratio, is· defined as:.· .. 
we can then write the output in the following form: 
4. 
·, 
From this relation we see that the circuit should be designed so that f 
.. ,. V ,'Ii 
is large compared to the ratio v c • An example of a situation where 
d 
~ good common mod·e rejection is necessary is shown in Figure 7. In A 
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Figure 7 
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Field Example 
the local :p9tential is high (close to V) but the potential gradient is 
i. 
~ 
. ~ 
low. C.onsidering the extremum we assume: ,,~- = 8Vrms and vd ~- 10 v rms, 
if we chose for f the value 1000, v
0 
will have 80 \imes its real. 
value. Considering a ga.in of 10 for the potential gradient circuitry, 
2 . b 4. vn is 800 times its value {8 x 10- v rms), lmowing that one arm of 
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. ·the bridge is S•S cm 1n l~ngth, the maximal error. of posi,~ion along the 
"' 
. 
arm Will be Of le.ss than a half millimeter t-Thich is acceptable for a, 
~demonstration device (we will see that 1/2 millimeter is equivalent 
to less than 1 degree of steering angle and 4.7 meter of error in the 
radius of curvature). 
Therefore a common mo~e rejection of the potential gradient cir-
cuitry of 1000 is sufficient. 
3.2.4) Servo System 
a) Error Considerations: 
\ 
iJ. •• • . 
We have now to determine the characteristics of the control circuitry. 
When the cart is properly steered the error voltage is zero; when the 
sliding arm passes through the zero point, the error voltage reverses 
one can suppose that the t alJ voltages 
will be bigger if not of the same order of magnitude than bAV, with 
this in mind, one can admit that a convenient way to determine the 
precision requirement of the control system is in percent of the local 
potential, we chose to admit 1% of local potential. This implies that 
the motor should be energized for an error voltage between the n,,11 
point of the tangent bridge and the sliding arm mechanically coupled to 
the steering wheel ~f 1 of local potential. In the worse case we 100 
assumed the local potential to be 1. of its ma.ximum value of 8 v rms• 100 
Let's consider the.error on. the steering angle a.nd the radius of curvature; 
the least favorable case is the one where we have~ U applied to one 
arm of the tangent bridge. The_ length of one arm = 5.5 cm, the voltage 
varies linearly so 1~0 of U represent an error of position of .55 mm. 
(This is about the distance between J turns of wire so our hypothesis 
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· · · ,;, .. ;,1.s within the resolution possibility of the bridge.) I:f' we lineais~ 
the angular relation, it shows, in average, an error of l degree of 
steering an.gle which seems to be a good eno-µgh precision for a 
~. . ' . 
. I 
demonstration device. We can compute the error on the. radius of curvatur~ 
by using relation (9) assuming as before that L is in the order of 8 cm. 
R = n cotg a, = 4.? m. 
b)· Circuitry: 
The control eircuitry, represented in Figure 8, is composed of two 
amplifiers (AC and 00) ,a phase comparator and a motor. 
-
-
Figure 8 
Control Circui~ry Block Diagram 
Motor: 
The motors we use for steering and driving the cart are DJ 
micromotors built by Micro - MO Electronics, Cleveland, Ohio. They were 
chosen because of their small size (length 22.2 nnn, ;. = 15 mm), their 
low weight (12 g.), their short starting time, their proper adjustment 
to power output ·stage of transi~tor amplifier and ·their very high 
efficiency fo~ that ldnd of machine. Their higb speed {between 18000 
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and 9000 rpm for ilo:r:inal loads) obliged '11B to use a gear train. · Xe 
·, 
chose a reduction ratio of 1/485; which provides sufficient torffle a.lid 
a motion ~f roughly 160 degrees/sec for the shaft. This motor. works 
with a DC applied voltage of 6 v in normal use; we noticed that with a· 
load such as the one expected for the steering column, the engine was 
working for less than 1/J of the assigned voltage. 
· Phase Comparator: 
The polarity of the DC voltage applied to the motor can be derived 
from a phase comparison of the error voltage with the reference voltage. 
As we have to rectify the a.c. error signal after comparison ~f phase, 
we tried to be as efficient as possible by doing both in the same time 
using the phase comparator circuit given in Figure 9. 
Volt-~8 
t 
'Reference 
Volt-a3e · 
Figure 9 
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. •, •·:·, !his. circuit operates in the ro~lowing lv&y~ depending on. the phase ~-... , . 
. I . 
('fl' < 
,, 
• 
• 
· of the error voltage, 1-ti.th respect to the reference voltage, the rectifier. 
, 
( or diode) bridge conducts through the branch ADEBC or through t,l1e branch 
CDEBA. This device implies that the reference voltage applied at Ebe 
' 
' 
effectively that 1vhich served to modulate the useful signal (wi.thout 
phase shift); it also .implies that the earrier current must be free of 
harmonics. 
One can easily see that if there is no error voltage the diode bridge 
will either be a short (half a period), or be an infinite resistor 
~ 
(other half a period). In both cases there is no current flowing throug1l 
our load, the motor is not exited. This conforms to our desires. 
This circuit is going to give full rectified waves to our load 
with whatever sign is needed depending on the relative phase • The 
compared signals should be of the same order of magnitude, the reference 
voltage being present and kept at a constant value. 
!Q .Ampli.fj_er: 
According to page 21 an error signal of .8 mv has to provide the 
full motor voltage of 6 v • This corresponds to a voltage gain of 
approximately 2000. 
On the other side much higher input levels can be expected in states 
of a strong misadjustement of the bridge. To avoid overdriving and ~. 
related effects of amplifier recovery time a limiter will have to be 
employed. 
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A very narrow bandpass should be included to -,press high· 
frequency oscillations. 
-
The phase requirememfs are importa.nt because of the phase comparison. 
The phase shift due to the amplifier should be identical to the phase 
shift in the reference voltage circuitry (practically zero or 180°). 
The input impedance should be large compared to the resistance 
of the bridge. It does not need to be as large as for the probe circuitry 
since at the null point no current is drawn from the bridge. (10 ,;._ 25 :EJl. 
seems within reason.) The circuit uses a t.ransformer output. 
DC .Amplifier:. 
-
The phase comparison being done at a constant level, the input 
voltage will have ma.ximwn values of :!:: u. The output voltage should 
vary between ±: 6 v. The voltage gain should be small to avoid drifting 
problems and such that the over all gain for the control cireuitry be 
7000. 
Thl,l voltage across the phase detector load will beu138q :as an 
input. The output impedance should match the motor. 
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A very narrow bandpass should be included to a,:press high .. 
frequency oscillations. · 
The phase requirements are important because of the phase comparison, 
(,(- __ _ 
The phase shift due to the amplifier should be identical to the phase 
shift in the reference voltage circuitry (practically zero or 180°). 
The input impedance should be large compared to the resistance 
of the bridge. It does not need to be as large as for the probe circuitry 
since at the null point no current is drawn from the bridge. ( 10 ,;. . 25 ~a 
seems within reason.) The circuit uses a ~:'ransformer output. 
DC Amplifier: 
-
The phase comparison being done at a constant level, the input 
voltage will have ma.xinrum values of± u. The output voltage should 
vary between ~ 6 v. The voltage gain should be small to avoid drifting 
problems and such that the over .all gain for the control circuitry be 
7000. 
The voltage across the phase. detector load will be used as an 
input. The output impedance should match the motor. 
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I ;., 4) System Realization 
This paragraph describes the syst~m realization, · the cart is 
described at first and than the associated circuitry. 
, .. 
4.1) Mechanical Realization - Transfer Function 
It i,1as decided that this tracer, as most of the previously built 
operating on the same principle, would use external transistorized 
circuitry. The electrical connections being done by long flexible wires. 
Plexiglass was chosen as construction material because it is easy to 
work with and let detai]JJ appear which. is desirable in a demonstration 
device. 
Our cart has to carry the pick up probes, the bridge and sliding 
arm rigidly attached .to the vertical shaft of the cart front wheel, 
both driving and steering motors and a system of plugs. Taking into 
consideration the size of the various elements, the size of the 
... 
simulated field, and the trouble that might occur with over miniaturization, 
. it was decided.that the maximum dimensions would be a length of 10 cm, 
a width of 8 cm and a height to be smaller than the length. All the 
parts mounted on th~ cart had symmetry so we were decided to try to 
keep that symmetry as much as possible, this idea presided to the 
·- - --·· ·-····- ·····-----•w·-·--·•••·--·- ~ inter~sting realization of the front wheel shaft containing both the~ 
steering and driving motors. 
The ~rt realization is shown in Figures 10, 11 and 12. The fr~~t 
wheel shaft ·consists of a -tube of plexiglas (a,) with an internal 
diameter of 2 cm. The wheel(~) stands inside of the tube, its a.xis 
is maintained in position by two bearings (Y) sealed in the tube walls. 
The driving motor and associ~ted gear train (S) is positioned in the 
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tube jus·t · above the wheel by the use ot ;_ ple.xiglass · riilg (E, ) • 'l'he 
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Figure 10 
Cart Front View 
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Figure 11 
Cart Side View 
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Cart Details 
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motion is transmitted to· the wheel by friction \-ti th a small rubber 
-- - -· . -
wheel ( b) • Above the . driving motor is · the steering motor with its. ~ear 
. . 
. -·· ... ,. ·--~---- ....... ~ ... ·-----·-·""-.. ---"·"-···-·-···-··· '. 
train Cr,).· The motor and gear train housing are solidly ~-i:x:ed to the 
tube by 2 plexiglass rings (&')•The tube is maintained in position 
by a large bearing ( ~). The steering force is obtained by attaching 
the shaft of the steering gear train rigidly .to the main frame. Th~s 
is done through three pilars· fixed to the frame and surmounted by a · 
plate in which the shaft is locked. 
_ The tangent bridge ( l ) is .. attached under the main frame, the 
sliding arm (~)" is attached to· the tube \ti th the same axis as the wheel 
. 
and is pressed on the bridge by use of a spring. Parallel to the shaft 
tube, mounted on the main frame, is a contact (~) that is pulled apart 
whenever· the sliding arm accidently runs off the bridge; it is used to 
open the steering motor circuit in such a case. On the back of the 
main frame are two sets of multiple connectors (8) (see details on 
Figure 9), all electrical connections are done through them. The back 
wheel axis is glued into a slit, each back wheel having· I ts own bearing. 
The probes are fixed under the axis as shown in Figure 10. It is seen 
that the distance between the probes can be easily adjusted which 
implies that the gradient circuitry gain \aki:kh depends on this distance 
-to get the proper steering and should also be easily adjustable • 
. At the present time the cart does not carry a recording device 
for the trajectory but it would be easy to attach a pantograph to it 
~.4, 
. 
or to make the cart draw on a board positioned above it as sketched 
,: J on the next page. 
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Now·that we have a little bit more insight into the system, we can 
compute the transf~r function of the control system as·suming lo\i frequency 
of operation (linearity). 
We define: 
a. = reduction ra~io of the steering gear box 
_,_) 
_, 
k = ratio between cemf·.,t and speed 
. 
G= inertia of the tube 
R = internal resistance of the motor 
M= inertia of the motor 
v8 = input voltage of the motor 
0 = angular position of the sliding arm 
f = mechanical friction 
A = fric.tion of the front ,1heel on the paper assumed function of 
the angular position (due to rotation) 
We are going to combine electrical and mechanical properties at 
the same level of reduction ratio; we are interested in knowing the 
relation betw~en the angular position O and the motor input voltage v8 • 
' 
The electrical relation using ohm1s law is 
v8 = RI + a.Kpe (13) 
*Counterelectromotive force 
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The ·mecb\iical relation is given .1>7 eq"UB-ting the torque.· .. ~ 
(14) 
ElimiJJa.ting I between-both equations one gets 
. '\I 
& - a,k 
"v;' - R(G + ct2M)p2 +(a.2it2 + fR)p + AR (15) 
·. If one wants the transfer function to describe the angular position as 
a function of the error voltage detected from the bridge, we.know that 
the maximum voltage admissable as input is included between zero and-
• Let's call this quantity AE, the, gain being co"st.and equa.1 to c. 
We have the relation Ve= AE x C so the transfe~e function would be 
(16) 
This function sho,fs the importance of inertia and friction; 
. . ' . ' 
.. , .. , ....... . 
" - ~ ·- .. . . ~- - -~-- --'··.--·-··' .. - --
the inertia of mechanical parts will be the main cause of over correction 
leading to oscillations. 
We are now going to look at the electrical realisation. 
4.2) Electrical Circuitry 
• The electrical circuitry assot<&ated with the electron trajectory 
tracing system is represented on the circuitry block diagram (Figure 3). 
We are going to consider each one of these bloqk.s in detail, indicating 
the principle of operation, the measured values of quantities such as 
input and output impedances, bandpass .. , phase shift, etc. 
4.2.1) Sensing Circuitry 
This circuit is used to pick up the voltages from the probe~ and . 
· produce the input voltages for the local poten~ial a~d,~,potential 
• .
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. gx,adient circuitry. We decided that in-~ost oases·the value of Alf 
""' 
-
• 
would be small compared to th·e value of 'fi and that a sufficient 
-
. ' 
approxima.ti-0n- __ for lJ would be to take the local potential between <?ne of 
the probe and ground. A complete schematic of the utilized circuitry· is 
given in Figure 13. The pick up circuit is built into a shielded box 
containing the :CC battery. The circuit is a Darlington emitter follower. 
The two transistors form a composite pair, 'the input of the second 
constituting the emitter load for the first. The analysis of the circuit 
will be done by refering to Figure 14. 
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Sensi~ Circuitry 
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Darlington Pair 
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1J'sing the h parameters to represent the transistor, for ~ it is possible 
I 
to assume h09z8 , 0.1 , hfeZe >> hie • We obtain for the current gain 
and the input impedance of the second stage 
since the effective load for the trans.isto:r: Q1 is R1 which does not 2 
meet the requirement h0eR12 , 0.1, we have for the current gain of this 
stage: 
I 1 + hf e 1 + hf e 1 + lire 
A1 = _g_ = ----- = -------- ~ -----
. l . Ii l + hoeRie - 1 + hoe(l + hfe) ze 1 + hoJ!:reze 
so the overall current gain is: 
' 2 (l t h ) ·. 
- , ·- !e . . 
. . - . ·. ), 
The input resistance of Q1 is.represented by 
2 (1 + hfe) ze 
I ,t I 
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. ·It -can be seen that the input impeda~ce is directlY' proportional to 
. 
. 
.. 
t];le load ~mpedance z8 • If we select Zr. = 1 • .5 k-ohm, r~la:ing 
. ~ransisto·r parameters .by common values •. we find zin = 1.~- Mn. • 
" 
If we compute the voltage gain of the Darlington emitt~r follower 
using standard methods one finds: 
·• .... 
D 
,.) 
We see that the voltage gain is smaller than one and depends on 
the load. 
We use the simple biasing scheme with the 3.19 M.0- resistor in 
order to keep the input resistance high. Temperature stability is 
only of second order importance in a unity gain stage. 
The measurements made on the circuit have the following results: 
the transformer has a primary impedance o_f uiL = 6&) .a. at 400 Hz and 
the secondary has an impedance of ui.a = 13 k A. at -4oo Hz. It is a step-
up transformer with a transformation ratio of 4,.6:1. The common mode 
.. 
' 
.. \I 
rejection ratio was measured to be about ~ == 14oO for the transformer. - ________________ ... 
... 
·-··1 
The input impedance seen between both probes was measured to be of 
240 k ohms. The overall voltage gain of the whole circuit was measured 
to be 2.96 \thich gave us, for the Darlington stage, an attenuation of 
• (A7. There is no ~easurable pl~ase shift between_ input and output. 
This circuit satisfies the imposed requirements. 
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·- a· · _::z,,,:2.2} Local_ Potentia1:·c1rcuitry 
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The erids of the arms of the tangent bridge must be driven by a 
push-pull :signal proportional to the local potential sensed by the 
~- probes. ~e local potential circuitry must be an impedance transformer 
{high input-low output) with a_voltage gain of unity, and must change 
its single ended input to a push-p11ll output. Having in mind the input 
output -impeda;nces, the voltage gain, the bandpass and t)1e pl1as_e req1,1ire-
ments resulting from the ·.design, the circuit of Figure 15:·-was built ·to. 
reasonably satisfy the requirements. This circuit was chosen because a 
split load phase inverter gives a better inversion than a cascaded 
amplifier inverter. To achieve low output impedance, two emitter-
followers are necessary, one for each phase. To drive the emitter-
followers "'8.lld provide some voltage gain, a common emitter amplifier 
stage is used before each of them. This stage incorporates a negative 
."" feedback for stabilization. Voltage gain for the inverter is less than 
unity, and likewise for the emitter-follower, so that stages with gain 
are necessary 1t the overall gain is to be unity. Since the common 
"emitter stages have a gain of about 10, a resistor R1 must be added t.o 
conveniently adjust the overall gain to one. A split inverter inherently 
.has-.a high input impedance because of the large unbypassed emitter 
r 
resistor~· 
/ 
The measured input 1 impedance of the circuit is 195 kA. which is 
small compared to the value determined during the design. ~is input 
impedance could be increased by use of a field effect transistor. The 
. measured output impedance is 201 A. 
Resistors ~ and ~ must be made sli-ghtly unequal because ie is 
always graater_than ic (i0 = ai0). Both resistors in the circuit· are 
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Local Potential Circuitry 
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t · · ,~, ·k JL with 1~ tolerance, selected so that~ is slightly greater------
. . ' . .,". . . . . ' ' ~ '' 
.....,, ·' 
(> • .... • ~· ·, ,, ' . 
than R:3 so as to give equal outputs. . -·-··-. ---~ -· -:-.....·~-···"-•~--·~' 
' The bias resistors were chosen-to obtain a bias point in·the 
middle of thef load· 11ne so that maximum undistorted output swing could 
be obtained. All the transistors used ,in this circuit are large sig-nal. 
stages (handling possible peak to peak voltages of 22.6 yolts) and are 
biased in this way • 
. The measured gain of the circuit with Ri removed is 11. With R1 
present, the gain is 1. Local feedback causes a reduction of voltage 
gain of 3.4. Measured lower half power frequency is 115 H~Ttzc, the upper 
frequency is about 6oO k t~'er.tz. The dynamic range is in the order of 
70 db. 
The output coupling· capacitors C;1 and G:2 were adjusted 1n- "d.lue 
-
relative to each other to compensate for any unequal phase betwaen +v 
and -v in the circuitry preceding. 
· .... 4.2.3) Potenti8:l Gradient Circuitry 
The potential gradient A Un, normal to the path of the cart must 
be amplified by a factor of i, (based on a local potential amplification 2d 
of unity), and applied to the center of the tangent bridge. Ta..~ing into 
· consideration the physical shape ot the cart and the fact that the 
distance between the probes i~ adjustable we see that a gain adjustment 
is a necessity and the voltage gain variation range should be 
included between 5 and 20. 
·-To satisfy these requirements and the characteristics determined 
in paragraph 3.2.J-b, we used the two stage feedback amplifier with 
emitter-followers at the input and output shown in Figllre 16 •. 
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• J . The last two ~tages of this amplifier are almost identical to the 
output stages of the local potential circuitry. Hence the measured out-
put impedance is 214 ohms. Th.e load on this amplifier is greater tp.an 
!that. on the local potential amplifier because the two arms of the bridge 
appear in parallel from the bridge center t~. 
l 
Transistor ~l is an emitter-follower. One bias resistor is used 
instead of two because the presence of another biasing resistor would 
considerably low~r the input impedance fo~ a small increase in stability~ 
The input impedance of an emitter-follower is represented by the 
following expression, derived from an h-parame~er equivalent circuit: 
h +R 
R. = ib L 
· 
1 hob(hib + R:r,)+(l + hr~ ..... J 
• 
If typical values· are assumed for the h-parameters, it will be 
· found that R1 is str~ngly affected byRL, the next stage should there-
.,._ fore have as high an input impedance as practicable. There is a feed-
back loop across T2 and T3. This loop is prillBrily designed to stabilize 
the gain and to increase the input impedance of T2• The measured input 
impedance of the circuit is 374 k ohms. 
4 The gain of this circuit is adjusted by varying Hi which changes 
the negative feedback. Amplification is 20 with'R1 = 220 ft, 10 with ,, 
R1 = 470.o.and can drop to 5 by increasing R1 • The lower half :po,rer 
frequency is 120 Hertz,, the upper half po111er frequency occurs at 650 k Hz. 
As with local potential circuitry, DC operating point fluctuations 
are minimized by proper choice of the biasing resistors and emitter 
resistor for each stage. 
Maximum output into full load is 8 volts rms. The capacitor 0:1 was \ 
adjusted to equalize phase ~ft with respect to local potential, phase 
,Q l 
precision being imperative. 
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· . 4.2.4J. aervo System Oircuitey 
\ 
,: ' The servo· channel consists of three parts!'-. the null amplifier 
·that amplifies ancI limits the error voltage, the phase detector 
bridge which rectifies the error voltage and produces a DC polarity of 
the same·· sense as the AC polarity and the po,,er stage to activate the. 
~ micromotor. First of all, let us consider the null amplifier: 
· a) Null Amplifier: 
The requirements to be satisfied oy this null amplifier are: 
a) A voltage ga.in of 2700 {this value is determined by tbe necessary 
input vol tag-e of 1 volt into the power stage and the overall gain 
determined in paragraph 3.2.4-b). 
b) .An input impedance in the order of a few kilo ohm. 
c) An output on a transformer 
d) A phase shift of zero or 180° between input_and output. 
e) A bandpass of at least 80 Hz at 3 db centered on LK>o Hz 
f) A high dyna.nrtc· ratige of 60 db. 
~· With the mentioned high gain, ~n excessive error signal easily over 
drives the amplifier. In the overdriven state, a true phase and ideally 
a square wave output is still required to properly drive the det_ecter. 
. . ( 
~ Therefore carefully distributed diode limiters have to be incorporated. 
Considering these requirements and after eliminating some parasitic 
oscillations, we arrived at the circuit shown in Figure 17. We have five 
common emitter amplifiers in cascade. The first four are practically 
identical, the only difference lying in the biasing resistors of the 
" first stage which have different values due to the decline of the DC} 
bias caused by R. The resistance Ras well as the capacitances O, 8!1, 
Q2 and a3 and the resistor rare used to eliminate low frequency 
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-. ". - os.oillations~ that were present in the circuit aue, to feedback t_p.rough -
the.bias supply. ( 
The limi_tation is achieved by pairs of diode·s. The charact'eristic 
of a diode can be co·nsidered in first approximation as is sketched in 
Figure 18(a). This leads to the equivalent circuit given in.Figure 18(b). 
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Figure 18 
Diode Limitation 
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When the signal is greater than the threshold voltage .u., , -we have 
a voltage divider_wi~h the ratio r • In our case R contains the 
R + r 
. 
o~tput impedance of the previous stage in parallel with the input 
impedance of the ne~t stage. The direct resistance of a diode is in 
the order of 4o ohms, one can see that iri most cases r is small compared 
r 
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• tor+ R so that the maximum peak: to peak voltage is twice the 
-~ 
tk1Yfl-ld voltage of the diode. Two pairs of diodes in series doubles the 
. • ' . . __ .. ---- ... 
li-mi ting level. 
The following characteristics were determined by measurements:.voltage 
• gs,in of one stage without feedback ':ti 40, with feedback around 5. The 
is 
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· overall voltage gain at 4oo cycles is 2300. The band width at 3 db 
extends from 140 cycles to 650 cycles with a strong decay at both ends. 
The input impedance is 4. 7 k ohms. The output transf armer has a primary , 
and secondary DC resistance of 100 ohms, a power level of .5 watt. The 
overall linear dynamic range is in the order of 40 db • 
.After testing this circuit separately and in the system, we decided 
that its characteristics were sat"isfactory though not exactly matching 
the design requirements. 
b) Phase Detection and Power Stage 
The principle of the phase detector was studied in the design 
section (see paragraph 3.2.4(b)). The phase detector produces a full 
wave rectified signal across the 3 k ohm resistance, R1, flowing in 
a direction depending on the phase of the signal. The power stage is a 
IC amplifier (see Figure 19). 
The problem usually encountered with DC amplification is drift. 
Therefore most of the gain is concentrated in the .AD section. Still, 
the DC voltage and po\ier available from the detector is too1 small to 
directly drive the motor. 
Refering to Figure 19, Riis the resistor in the diode bridge 
circuit the voltage across -which is used as irrpu t to the po,1er stage. 
Rv is adjusted.to balance the zero point. R2 is a protection resistor 
· us·ed at the same time to increase the input impedance .of the circuit. 
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Detection Bridge and Ix; Am.Plifier Circuitry 
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To. draw as little current as possible, 1r1e use a Darlf:ngton configuration. 
~-· 
T1 and T2 behave as explained in· paragraph 4.2.1. The zener diode was 
.•- ---chosen· to ·bring the bias: of point :B down to the level of point A. The 
resistor R is used to operate the zener diode at a proper working point. 
The output impedances of the Thevenin' s equiyalent .circuit for the two 
--~ 
sources A and Bare different. To~minimize this unsymmetry we have to 
draw as little current as possible, therefore Dariington stages (tran-
. ,. 
.. .. -
'i 
·sts·tors T3 and T~ are used again. The gain is approximately RsiR6 . 
We notice that R6 creates a negative feedback which improves the drift 
problem. 
Measurements made on the circuit lead t·o the following results: 
with +1 volt DC on R1 the motor voltage is 5.7 volts. In the opposite 
L~ 
• 
polarity the motor voltage is slightly larger. There is no noticeable 
· effect of drift. 9 
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S) Final Remarks . 
All ·the described circuits were tested individually. The system· 
feedback loop was then ~losed and proper functioning of the servo 
. system observed. The complete cart system was then assembled but 
an actual trajectory tracing was not attempted. Only after such an 
experiment, one l!/ill be able to determine the overall accuracy of the 
system •. ·This can only be achieved after the 'i,read boarded circuits 
have been rebuilt in_~ mechanically stable form. 
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